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Abstract. By way of the cusp catastrophe model based on catastrophe theory, the river ecosystem 

controlled by two main control variables namely water quantity and water quality was analyzed in Beijing 

City. A water ecological crisis evaluation and warning method with water quantity as the main factor was 

proposed to analyze the change law of water ecosystem state in Beijing City. And an integrated crisis 

indicator B was introduced to evaluate the ecosystem stability. The river length reaching the water quality 

standard was used to represent the water quality instead of a single index as in existing research. The present 

method provided an integrated evaluation. According to the variation law of the integrated crisis indicator, 

the water crisis would be early warned. The results indicated the water ecosystem of Beijing City was stable 

(the integrated crisis indicator B>0), but some fluctuations still existed. The water quality factor has little 

change which meant the stability mainly depended on water quantity. That is, the water-ecosystem of Beijing 

City belonged to water-quantity-type water crisis. Reference to statistical law got by previous research, its 

river ecosystem state went bad, and was needed to be restored by taking some effective measures. 

Keywords: water ecosystem, evaluation and warning method, catastrophe theory, integrated crisis 

indicator. 

1. Introduction 

Along with the rapid development of the economic society, the increasing demand on ecological 

environment is prominent and it is supposed to promote improvement in the water ecological environment [1] 

[2]. However, due to the water resources shortage, the increasing demand leads to a more serious 

deterioration, which makes new conflicts between socio-economic development and eco-environmental 

quality. These conflicts are inevitable and urge to be solved [3]. Quantitative accumulation leading to 

qualitative transformation is a ubiquitous phenomenon in both nature and society. As one of the most 

essential theories for studying dynamical variations of systems, the catastrophe theory aims to describe how 

continuous quantitative changes turn into skipping qualitative changes. Although it requires deep 

mathematical foundations such as topology and singularity theory to prove this theory, the forms of the 

application models are simple. So the application range of catastrophe theory and its models have expanded 

to almost all fields in both the natural and the social sciences [4]. 

Water ecosystem is a dynamical system with water as the core and water quantity and quality being 

foundations to make it work. Enough water quantity and good water quality guarantee a stable environment 

for plants and animals in or near the water to survive. Actually, the ecosystem change is due to the 

comprehensive effect of the water quantity and quality changes. These two are the inner factors of the system 

and the outer factors influence the system through them. Also，the system makes impacts on the creatures in 

it through water quantity and water quality. It is far from enough to focus on one factor when doing research 
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on water ecosystem, because water quantity and water quality are interacted on each other. The decrease of 

water quantity causes the deterioration of water quality, on the contrary, the increase cause the improvement. 

Similarly, the deterioration of water quality causes the decrease of water amount available; on the contrary, 

the improvement causes the increase. In some degree, the interaction between them is not significant but 

when it comes to a limit, the interaction doesn’t reflect on the real water. This influence is cryptic with a 

synergistic effect which leads to an abrupt change of water ecosystem. It is difficult to explain the change of 

water ecosystem by linear mathematical method while the cusp catastrophe model based on catastrophe 

theory can describe the change of water ecosystem very well [5]. In this paper, Beijing City was taken as an 

example to develop a crisis evaluation and warning method of water ecosystem based on catastrophe theory. 

2. Study Area 

Water ecosystem chosen in this paper contains Jiyun River, Beiyun River, Yongding River, Chaobai 

River and Daqing River in Beijing area, shown as Fig. 1, which supplies water for Beijing City and 

representing the whole river system. The stability and health of this water ecosystem affect the water supply 

and security of Beijing City, so the water ecological crisis evaluation and warning are necessary and of great 

significance. The water ecosystem in Beijing City have the following characteristics: (1) complexity of 

impact factors: the ecosystem are influenced by both natural factors and human activities, and the 

mechanism is complex; (2) mutability: a great change will happen with the accumulation of long-term 

impacts, that is, a small change in water quantity or quality will cause a great change of the whole ecosystem; 

(3) hysteresis quality: the change will not appear immediately, and it will happen long after the influence; (4) 

restorability: the water ecological environment deterioration can be restored by some means such as water 

compensation and treatment measures. These characteristics are in line with those of mutation, which makes 

it reasonable and operable to use catastrophe model in water ecological crisis evaluation and warning method 

in Beijing City. 

 
Fig. 1: Distribution of river system in Beijing City, China. 

3. Methodology 

Catatrophe theory was first described by Rene Thom in 1970s, which is part of topology that can directly 

solve discontinuity problems especially in the system with unknown internal mechanism [6]-[10]. Among 

the seven types of functions in elementary catastrophes [11]
 
(Table I), cusp catastrophe model with 

easy-understanding foundation of mathematics can make an intuitive and simple description of the issue and 

is used the most widely [12]. 

The potential function of cusp catastrophe is expressed as  and the function for 

profile of equilibrium is . The profile of equilibrium is the curved surface where all the 

critical points are. The function is a cubic equation, the number of whose real root is one or three determined 

by discriminant function: . When ∆>0, the function has one real root; when ∆<0, the 

function has three different real roots that means the system has three equilibrium position and when ∆＝0, 

the function has a double root(u，v≠0) or a triple root (u=v=0), which means the system is in a critical state 

from one equilibrium position to another. We assumed the value of Hessen matrix of V =V(x，C) was 0 and 
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got the singular set: . Combining the functions for profile of equilibrium and the singular 

set and getting rid of state variables x, the function of pitchfork bifurcation of the cusp catastrophe is 

. The criteria of the system stability is: when , the system is in a stable state 

regardless of the change of variables; when , the system is in a critical state between stable 

and unstable; when , the system is in a breaking state. So for the stable state of the system, 

the relationship between the variables should satisfy .  

Table I: Potential functions of elementary catastrophes. 

Type 

Control 

parameter 

space 

Active 

variable 

number 

Potential function 

Fold 

catastrophe 
1 1 

 

Cusp 

catastrophe 
2 1 

 

Swallowtail 

catastrophe 
3 1 

 

Butterfly 

catastrophe 
4 1 

 

Hyperbolic 

umbilic 

catastrophe 

3 2 
 

Elliptic umbilic 

catastrophe 
3 2 

 

Parabolic 

umbilic 

catastrophe 

4 2 
 

 

Combing with the conceptions in water ecosystem,  is the set of critical points where changes 

happens. The value of  determines the state of water ecology system, so the parameter  has become an 

indicated crisis index whose expression is . When the catastrophe theory is applied in a real 

example, the control variables are needed to be normalized. 

The normalization of water quantity was expressed by relative difference between annual water quantity 

and the average for many years. The expression was shown as follows. 

                                                              (1) 

where  is the ripping factor of the mutation evaluation formula;  is the quantity of surface water and 

 is the average quantity of surface water for many years. 

The normalization of water quality was expressed by the relative value of observed dissolved oxygen and 

its standard value in most literatures. However, the research object in this paper was not a single river, it was 

inappropriate to calculate in this way. So we use the relative value of the river length reaching the quality 

standard and the total river length and it can provide an integrated evaluation. The expression was shown as 

follows. 

                                                    (2) 

where, V is the control factor of the mutation evaluation formula;  was the river length reaching the 

quality standard; and  is the total length of the rivers. 

4. Results and Discussion 

According to the data from water resources bulletin during the years of 2003-2013, the values of 

integrated crisis indicator  were calculated and results are shown as Table II.  reflects the effects of 
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water quantity and quality and its value refers to a state of the water ecosystem. As the Fig. 2 shows, the 

values of  are stable with time and all the values are more than 0. That means the water ecosystem is 

pretty stable but the fluctuations still exist. After 2003, the value of B decreases almost linearly until 2008 

the tendency recovered a little. From 2009 to 2012, the state of water ecosystem has been improved 

gradually but in 2013 the system showed a trend of deterioration. At the same time, from Table I, the 

fluctuation of water quality index is not obvious. The value of  was influenced mainly by water quantity, 

that is, the crisis of water ecosystem in Beijing City faced by was mainly quantity-type water ecological 

crisis. 

Table II: Integrated water stress indicator of the water ecosystem in Beijing City 

Year 

Annual 

water 

resource 

quantity 

(billion m
3
) 

Average of 

water 

resource 

quantity for 

many years 

(billion m
3
) 

Normalization 

of water 

quantity 

River length 

reaching the 

quality 

standard /km 

Total 

length of 

the rivers 

(km) 

Normalization 

of  water 

quality 

B 

2003 0.606 1.772 -0.66 652.5 1075 0.61 7.67 

2004 0.816 1.772 -0.54 788.6 1361.1 0.58 7.81 

2005 0.758 1.772 -0.57 881.3 1646.6 0.54 6.24 

2006 0.667 1.772 -0.62 883.9 1646.6 0.54 5.84 

2007 0.760 1.772 -0.57 1173 2546 0.46 4.24 

2008 1.279 1.772 -0.28 1177.2 2545.6 0.46 5.60 

2009 0.676 1.772 -0.62 1078.6 2545.6 0.42 2.95 

2010 0.722 1.772 -0.59 1179.1 2545.6 0.46 4.13 

2011 0.917 1.772 -0.48 1118.6 2545.6 0.44 4.31 

2012 1.795 1.772 0.013 1140.4 2259.1 0.50 6.88 

2013 0.943 1.772 -0.47 1059.1 2259.1 0.47 5.12 

 

 
Fig. 2: Integrated water stress indicator (B) values of river ecosystem in Beijing City from 2003 to 2013.  

In the decade from 2003 to 2013, the  value of water ecosystem was more than 0 reflecting a stable 

state, but this didn’t mean that the water quality and quantity of water ecosystem in Beijing City were both in 

a good state. According to the statistical analysis, when B < 10, either the water quantity or the water quality 

appears a rapid change. If this change cannot be recovered in short term and the value continuously 

decreases, it is time to pay sustained attention to the ecosystem. When B = 5, either the water quantity or the 

water quality has been on the touch of danger or both of them are slipping to the edge of danger, it is time to 
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start the emergency early warning mechanism in the proper time. When B = 2, an urgent warning signs must 

be sent and actions to restore the ecosystem must be taken [4]. In this case, the state of water ecosystem in 

Beijing City was not optimistic. All of the  values were less than 10, half of which were less than 5. In 

2009 the value was even close to 2. Based on these results, Beijing City’s river ecosystem is needed to pay 

close attention to and actions must be taken to make it recovered. 

In the existing research, researchers figured out that Beijing has experienced several water crises since 

1949, especially the water-quantity type crises caused by low precipitation during 1980–1985 and 

1999–2007[13] [[14]. Water management measures and engineering projects are essential to accomplish the 

goal for sustainable development [15]][16]. The results obtained in this paper were fairly accorded with the 

conclusions above. 

5. Conclusions 

Catastrophe theory was applied in this research to propose an integrated water stress indicator (B) for 

evaluating the overall state of the river ecosystem in Beijing City. The ratio of river length reaching water 

quality standard to the total river length was applied in the normalization. Based on cusp catastrophe theory, 

an assessment model of river ecosystem was established and applied to the water ecosystem in Beijing City 

from 2003 to 2013. Results showed that the state of water ecological system was stable, but the deteriorating 

trend still existed. The state belonged to water –quantity type ecological crisis which lasted for a long term 

and this cannot be recovered in a short time. Above all, the river ecosystem in Beijing City needed a 

long-term treatment and protection. At the same time, a long-term monitor and warning of B value was of a 

great significance. 
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